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Preliminaries

Throughout this talk, Ω is a finite set, and G is a group of
permutations of Ω which is transitive but imprimitive.

A partition of Ω is a set of disjoint non-empty subsets of Ω
whose union is the whole of Ω. These subsets are called parts.
Such a partition is uniform if all of its parts have the same size.
Such a partition is trivial if it consists of a single part
(the whole set Ω) or if all of its parts are singletons.
These trivial partitions are called U (for universal)
and E (for equality) respectively.
By definition, because G is imprimitive it preserves at least one
non-trivial partition.
By definition, because G is transitive, all of the partitions which
it preserves are uniform.
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An example: a Cayley table

The Cayley table of (Z5,+) is this Latin square.

0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

G = Z5 × Z5 acts on this as follows.
The permutation (g, h) sends the element (x, y) to (g−1x, yh).
(So that if x1y1 = x2y2 then g−1x1y1h = g−1x2y2h.)
The group G preserves the three non-trivial partitions into
Rows, Columns and “Letters”, as well as E and U.
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Partial order, Hasse diagrams

There is a partial order on partitions, defined as follows:
Π1 ≼ Π2 if every part of Π1 is contained in a part of Π2.

This can be read “Π1 refines Π2” or “Π2 is coarser than Π1”.
Given a collection P of partitions of a set Ω,
we can show them on a Hasse diagram.
▶ Draw a dot for each partition in P .
▶ If Π1 ≺ Π2 then put Π2 higher than Π1 in the diagram.
▶ If Π1 ≺ Π2 but there is no Π3 in P with Π1 ≺ Π3 ≺ Π2

then draw a line from Π1 to Π2.

Here is the Hasse diagram for a Latin square.
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Lattices

The partitions of Ω, with this order, form a lattice.

The meet or infimum Π1 ∧ Π2 is the partition whose parts are
all non-empty intersections of parts of Π1 and Π2.
The join or supremum Π1 ∨ Π2 is the partition defined as
follows: form a graph where two points are joined if they lie in
the same part of either Π1 or Π2; the join is the partition into
connected components of this graph.
We say that partitions Π1 and Π2 commute with each other if,
whenever α and β are in the same part of Π1 ∨ Π2,
there exist γ and δ such that α and γ are in the same part of Π1,
γ and β are in the same part of Π2, α and δ are in the same part
of Π2, and δ and β are in the same part of Π1.
In other words, we can move from α to β by first moving within
a part of Π1 then moving within a part of Π2, and also do it by
first moving within a part of Π2 and then moving within a part
of Π1.
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Orthogonal block structures

Here is an alternative definition of Latin square.

Definition
A Latin square is a set {R, C, L} of pairwise commuting
uniform partitions of a set Ω which satisfy
R ∧ C = R ∧ L = C ∧ L = E and R ∨ C = R ∨ L = C ∨ L = U.

Definition
An orthogonal block structure or OBS is a sublattice of the
partition lattice consisting of commuting uniform partitions.

So Latin squares are OBS.
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Crossing and Nesting

Here are some definitions from Statistics.

If Π1 is a partition of Ω1 and Π2 is a partition of Ω2
then Π1 × Π2 is the partition of Ω1 × Ω2 whose parts
are intersections of a part of Π1 with a part of Π2.

Put Pi = (Ωi,Bi), where Bi is a collection of partitions of Ωi.

Crossing P1 with P2 gives the set P1 ×P2 of partitions

{Π1 × Π2 : Π1 ∈ B1, Π2 ∈ B2}.

Nesting P2 within P1 gives the set P1/P2 of partitions
{Π1 × U2 : Π1 ∈ B1} ∪ {E1 × Π2 : Π2 ∈ B2}.
(Later in this talk I will write this as P2 ≀ P1 for consistency with
customs in algebra.)

Iterated crossing and nesting gives simple orthogonal block
structures.
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Properties

A lattice is modular if Π1 ≼ Π3 implies

Π1 ∨ (Π2 ∧ Π3) = (Π1 ∨ Π2) ∧ Π3.

Every lattice of pairwise commuting partitions is modular.
The modular law is implied by the distributive laws

Π1 ∨ (Π2 ∧ Π3) = (Π1 ∨ Π2) ∧ (Π1 ∨ Π3),

Π1 ∧ (Π2 ∨ Π3) = (Π1 ∧ Π2) ∨ (Π1 ∧ Π3),

which are equivalent to one another.
The lattice of partitions of a Latin square is modular but not
distributive.
An OBS which is a distributive lattice is called a poset block
structure or PBS.
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Definition of Poset Block Structure

Let (M,⊑) be a partially ordered set.

Definition
A down-set in M is a subset D of M with the property that,
if m ∈ D and m′ ⊏ m, then m′ ∈ D.
The down-sets form a distributive lattice under the operations
of intersection and union. Every finite distributive lattice arises
in this way.

Let N = |M|.
For each element mi of M, let Ωi be a set of size ni > 1.
Let Ω be the Cartesian product of the sets Ωi for all mi in M .

Now we define a partition ΠD of Ω for each down-set D of M .
This is done as follows.

Definition
Elements (α1, . . . , αN) and (β1, . . . , βN) are in the same part of
ΠD if and only if αi = βi for all i with mi /∈ D.
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ΠD if and only if αi = βi for all i with mi /∈ D.

Bailey 2 July 2026 TCA, Portugal 9/16



Easy consequences

E = Π∅ and U = ΠM.

If D1 and D2 are down-sets of M then, using De Morgan’s laws,
we can show that

ΠD1 ∧ ΠD2 = ΠD1∩D2 and ΠD1 ∨ ΠD2 = ΠD1∪D2 .

So the partitions ΠD form a lattice isomorphic to the lattice of
down-sets of M.
Now we have two posets:
(M,⊑) and ({ΠD : D is a downset of M},≼).
Do not confuse these with each other!

The statisticians who first invented this idea (in the 1950s) did
make this mistake.
They tried to draw a single Hasse diagram showing both of
these posets at once.

Bailey 2 July 2026 TCA, Portugal 10/16



Easy consequences

E = Π∅ and U = ΠM.

If D1 and D2 are down-sets of M then, using De Morgan’s laws,
we can show that

ΠD1 ∧ ΠD2 = ΠD1∩D2 and ΠD1 ∨ ΠD2 = ΠD1∪D2 .

So the partitions ΠD form a lattice isomorphic to the lattice of
down-sets of M.

Now we have two posets:
(M,⊑) and ({ΠD : D is a downset of M},≼).
Do not confuse these with each other!

The statisticians who first invented this idea (in the 1950s) did
make this mistake.
They tried to draw a single Hasse diagram showing both of
these posets at once.

Bailey 2 July 2026 TCA, Portugal 10/16



Easy consequences

E = Π∅ and U = ΠM.

If D1 and D2 are down-sets of M then, using De Morgan’s laws,
we can show that

ΠD1 ∧ ΠD2 = ΠD1∩D2 and ΠD1 ∨ ΠD2 = ΠD1∪D2 .

So the partitions ΠD form a lattice isomorphic to the lattice of
down-sets of M.
Now we have two posets:
(M,⊑) and ({ΠD : D is a downset of M},≼).

Do not confuse these with each other!

The statisticians who first invented this idea (in the 1950s) did
make this mistake.
They tried to draw a single Hasse diagram showing both of
these posets at once.

Bailey 2 July 2026 TCA, Portugal 10/16



Easy consequences

E = Π∅ and U = ΠM.

If D1 and D2 are down-sets of M then, using De Morgan’s laws,
we can show that

ΠD1 ∧ ΠD2 = ΠD1∩D2 and ΠD1 ∨ ΠD2 = ΠD1∪D2 .

So the partitions ΠD form a lattice isomorphic to the lattice of
down-sets of M.
Now we have two posets:
(M,⊑) and ({ΠD : D is a downset of M},≼).
Do not confuse these with each other!

The statisticians who first invented this idea (in the 1950s) did
make this mistake.
They tried to draw a single Hasse diagram showing both of
these posets at once.

Bailey 2 July 2026 TCA, Portugal 10/16



Easy consequences

E = Π∅ and U = ΠM.

If D1 and D2 are down-sets of M then, using De Morgan’s laws,
we can show that

ΠD1 ∧ ΠD2 = ΠD1∩D2 and ΠD1 ∨ ΠD2 = ΠD1∪D2 .

So the partitions ΠD form a lattice isomorphic to the lattice of
down-sets of M.
Now we have two posets:
(M,⊑) and ({ΠD : D is a downset of M},≼).
Do not confuse these with each other!

The statisticians who first invented this idea (in the 1950s) did
make this mistake.
They tried to draw a single Hasse diagram showing both of
these posets at once.

Bailey 2 July 2026 TCA, Portugal 10/16



Generalized wreath product

Definition
For each i in {1, . . . , N}, let A(i) be the set
{j ∈ {1, . . . , N} : mi ⊏ mj} (these are the ancestors of i.)

Let Ωi be the Cartesian product Πj∈A(i)Ωj,
and let πi be the natural projection from Ω onto Ωi.
Let Gi be a permutation group on Ωi,
and let Fi be the set of all functions from Ωi into Gi.
Each fi ∈ Fi allocates a permutation in Gi to each tuple in Ωi.
The generalized wreath product G of the groups G1, . . . , GN
over the poset M is the group ΠN

i=1Fi, acting on Ω as follows: if
ω = (ω1, . . . , ωN) ∈ Ω and f = ΠN

i=1fi ∈ G, then

(ωf )i = ωi(ωπifi) for i = 1, . . . , N.
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Automorphism groups of block structures

Theorem
The automorphism group of the PBS is the generalized wreath
product of symmetric groups Sni over the poset (M,⊑).

By contrast, an orthogonal block structure may have only the
trivial group of automorphisms.
We saw earlier that Latin squares give rise to OBSs (consisting
of the two partitions E and U and the row, column, and letter
partitions). It is known that almost all Latin squares have trivial
automorphism group.
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Some comments on generalized wreath products

1. If N = 2 and (M,⊑) is an antichain then the GWP is
G1 × G2.

2. If N = 2 and (M,⊑) is a chain with m1 ⊏ m2 then the GWP
is G1 ≀ G2.
(Confusingly, statisticians write this as G2/G1.)

3. If the poset (M,⊑) can be made by iterated crossing and
nesting
then the GWP can be made by iterating the corresponding
direct and wreath products.

4. If the poset (M,⊑) cannot be made in this way,
then neither can the GWP.
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The Krasner–Kaloujnine theorem

The following result is well-known.

Theorem
Let G be a transitive imprimitive permutation group,
with a non-trivial invariant partition Π.
Then G is naturally embeddable in the wreath product H ≀ K,
where H is the permutation group induced on a part of Π by its
setwise stabiliser,
and K the permutation group induced on the set of parts of Π by G.

Is there an extension to our situation? The answer is yes . . .
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Embedding our group in a generalized wreath product
Fix m in M. Let Π be the partition corresponding to the smallest
down-set containing m.

This is join-irreducible in the lattice, so
there is a unique maximal G-invariant partition Π− such that
Π− ≺ Π. Let Gm be the group induced by the stabilizer of a
part of Π on the parts of Π− it contains.
We were able to show that there is also a unique maximal
G-invariant partition Ψ such that Ψ ∧ Π = Π−.
Then let G∗

m be the group induced by the stabilizer of
a part of Ψ ∨ Π on the parts of Ψ that it contains.
There is a natural bijection between the parts of Π− in Π and
the parts of Ψ in Ψ ∨ Π. This bijection embeds Gm into G∗

m, and
we have the following.

Theorem
Let G be a permutation group on Ω with the PB property, and let M
be the corresponding poset and G∗

m the group defined above for each
m ∈ M. Then G is naturally embedded in the generalized wreath
product of the groups G∗

m over the poset M.

Bailey 2 July 2026 TCA, Portugal 15/16



Embedding our group in a generalized wreath product
Fix m in M. Let Π be the partition corresponding to the smallest
down-set containing m. This is join-irreducible in the lattice, so
there is a unique maximal G-invariant partition Π− such that
Π− ≺ Π. Let Gm be the group induced by the stabilizer of a
part of Π on the parts of Π− it contains.

We were able to show that there is also a unique maximal
G-invariant partition Ψ such that Ψ ∧ Π = Π−.
Then let G∗

m be the group induced by the stabilizer of
a part of Ψ ∨ Π on the parts of Ψ that it contains.
There is a natural bijection between the parts of Π− in Π and
the parts of Ψ in Ψ ∨ Π. This bijection embeds Gm into G∗

m, and
we have the following.

Theorem
Let G be a permutation group on Ω with the PB property, and let M
be the corresponding poset and G∗

m the group defined above for each
m ∈ M. Then G is naturally embedded in the generalized wreath
product of the groups G∗

m over the poset M.

Bailey 2 July 2026 TCA, Portugal 15/16



Embedding our group in a generalized wreath product
Fix m in M. Let Π be the partition corresponding to the smallest
down-set containing m. This is join-irreducible in the lattice, so
there is a unique maximal G-invariant partition Π− such that
Π− ≺ Π. Let Gm be the group induced by the stabilizer of a
part of Π on the parts of Π− it contains.
We were able to show that there is also a unique maximal
G-invariant partition Ψ such that Ψ ∧ Π = Π−.

Then let G∗
m be the group induced by the stabilizer of

a part of Ψ ∨ Π on the parts of Ψ that it contains.
There is a natural bijection between the parts of Π− in Π and
the parts of Ψ in Ψ ∨ Π. This bijection embeds Gm into G∗

m, and
we have the following.

Theorem
Let G be a permutation group on Ω with the PB property, and let M
be the corresponding poset and G∗

m the group defined above for each
m ∈ M. Then G is naturally embedded in the generalized wreath
product of the groups G∗

m over the poset M.

Bailey 2 July 2026 TCA, Portugal 15/16



Embedding our group in a generalized wreath product
Fix m in M. Let Π be the partition corresponding to the smallest
down-set containing m. This is join-irreducible in the lattice, so
there is a unique maximal G-invariant partition Π− such that
Π− ≺ Π. Let Gm be the group induced by the stabilizer of a
part of Π on the parts of Π− it contains.
We were able to show that there is also a unique maximal
G-invariant partition Ψ such that Ψ ∧ Π = Π−.
Then let G∗

m be the group induced by the stabilizer of
a part of Ψ ∨ Π on the parts of Ψ that it contains.
There is a natural bijection between the parts of Π− in Π and
the parts of Ψ in Ψ ∨ Π. This bijection embeds Gm into G∗

m, and
we have the following.

Theorem
Let G be a permutation group on Ω with the PB property, and let M
be the corresponding poset and G∗

m the group defined above for each
m ∈ M. Then G is naturally embedded in the generalized wreath
product of the groups G∗

m over the poset M.

Bailey 2 July 2026 TCA, Portugal 15/16



Embedding our group in a generalized wreath product
Fix m in M. Let Π be the partition corresponding to the smallest
down-set containing m. This is join-irreducible in the lattice, so
there is a unique maximal G-invariant partition Π− such that
Π− ≺ Π. Let Gm be the group induced by the stabilizer of a
part of Π on the parts of Π− it contains.
We were able to show that there is also a unique maximal
G-invariant partition Ψ such that Ψ ∧ Π = Π−.
Then let G∗

m be the group induced by the stabilizer of
a part of Ψ ∨ Π on the parts of Ψ that it contains.
There is a natural bijection between the parts of Π− in Π and
the parts of Ψ in Ψ ∨ Π. This bijection embeds Gm into G∗

m, and
we have the following.

Theorem
Let G be a permutation group on Ω with the PB property, and let M
be the corresponding poset and G∗

m the group defined above for each
m ∈ M. Then G is naturally embedded in the generalized wreath
product of the groups G∗

m over the poset M.
Bailey 2 July 2026 TCA, Portugal 15/16



An example with |M| = 4
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G4

Put Dm to be the smallest down-set containing m.
Let ΠD be the partition defined by D.
This table shows the partitions as down-sets.
m Dm Π−

D ΨD ΨD ∨ ΠD
1 {1, 2, 4} {2, 4} {2, 3, 4} {1, 2, 3, 4}
2 {2} ∅ {3, 4} {2, 3, 4}
3 {3, 4} {4} {1, 2, 4} {1, 2, 3, 4}
4 {4} ∅ {2} {2, 4}
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{2}

∅

{4}

{3, 4}{2, 4}

{1, 2, 4} {2, 3, 4}

{1, 2, 3, 4}

G1

G2

G3

G4

The non-empty join-irreducibles in the
diagram are precisely the Dm.
The universal partition U is shown as
{1, 2, 3, 4} and the equality partition E

is shown as ∅.
G1 acts on the 1st coordinate, irrespec-

tive of the other coordinates.
G2 acts on the 2nd coordinate, separately

within levels of the 1st coordinate.
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